We calculate elastic and non-elastic electromagnetic form factors for vector and axial-vector mesons in the holographic D4-D8 brane model. We obtain the mass spectrum and Regge trajectories for these particles. From the elastic form factors we extract the electric radius, the magnetic and quadrupole moments. Form factors for transverse and longitudinal polarizations are also obtained. We find superconvergence sum rules for the vector and axial-vector meson couplings that determine the asymptotic behavior of the form factors at large momentum transfer. Our results show good agreement with other holographic models and QCD.
Introduction
Recently a holographic model for large N c QCD with massless quarks at strong coupling was proposed [1, 2] (see also [3] [4] [5] ). This model consists on the intersection of N c D4-branes and N f D8-D8 pairs of branes in type IIA string theory in the limit N f ≪ N c . The numbers N c and N f are interpreted as the color and flavor numbers of strongly coupled QCD like theory. A remarkable feature of the D4-D8 brane model is the holographic description of chiral symmetry breaking U (N f ) L × U (N f ) R → U (N f ) from the merging of the D8-D8 branes.
One important property of the D4-D8 brane model is the explicit realization of vector meson dominance [6, 7] which states that the interaction of a hadron with a photon is mediated by vector mesons. Therefore, the calculation of hadronic form factors involve a sum over all intermediate vector mesons that, in this model, correspond to the Kaluza Klein modes of an extra compact dimension. This property makes the D4-D8 model an important tool to describe the electromagnetic interaction of hadrons. In particular, the results for the pion form factor obtained in ref. [2] present good agreement with available experimental data.
In this article we use the D4-D8 brane model to study the electromagnetic interactions of vector and axial-vector mesons. First we obtain numerically the wave functions that arise in the Kaluza Klein expansion in the compact extra dimension. The associated eigenvalues give us the meson mass spectra and Regge trajectories. We calculate the relevant decay constants and the couplings of three-meson vertices. Using these results we obtain the electromagnetic elastic and transition form factors for vector and axial-vector mesons.
We analyse the momentum dependence of these form factors in the limit of large space-like momentum transfer. We find superconvergence sum rules for the vector and axial-vector meson coupling constants that determine the asymptotic behavior of the form factors. These sum rules generalize a previous result for the ρ meson obtained within the hard wall model [8] .
From the elastic form factors, we extract the electric radius, the magnetic and quadrupole moments for the ρ and a 1 mesons. We calculate the elastic form factors F T T , F LT , F LL that arise from the decomposition of the initial and final meson polarizations into transversal and longitudinal components. We find that the asymptotic behavior of these form factors in the D4-D8 model is in agreement with QCD predictions.
Electromagnetic form factors of vector mesons in other holographic models have been studied in [8] [9] [10] [11] [12] . For a review of mesons in holographic models see [13] . Form factors of baryons have been calculated recently in the D4-D8 brane model by considering instanton configurations [4, 5] .
D4-D8 Model
The Sakai-Sugimoto D4-D8 model is built adding N f pairs of D8 and D8 probe branes in the spacetime background formed by the presence of N c D4 branes. Initially, the branes are set in the following spacetime configuration:
The brane worldvolumes are extended in the directions indicated by •. The four directions x 0 , . . . , x 3 correspond to our four-dimensional Minkowski space-time and the direction x 4 is compactified in a circle.
The low energy spectrum of open strings in the D4-D8 geometry includes gauge fields in the adjoint representation (arising from 4-4 strings) and quarks in the fundamental representation (coming from 4-8 strings) of the group U (N c ). All these fields live in a 5d space-time with a compact coordinate where fermionic anti-periodic conditions are imposed in order to break supersymmetry.
Since the quarks D4-D8 and D4-D8 have different chirality we would expect the presence of chiral symmetry U (N f ) L × U (N f ) R . However the background forces the branes D8 and D8 to be united in a single stack of N f D8 branes, breaking chiral symmetry
The D4 background
The D4-brane solution consists on the space-time metric
with f (U ) = 1 − (U KK /U ) 3 , and the dilaton and RR form
The x µ represent the 4d coordinates in Minkoswki spacetime with metric η µν , while τ is the compactified x 4 direction, with period δτ . The x 5 , . . . , x 9 are written in spherical coordinates, with U its radial direction. The constant R is related to the string length √ α ′ and string coupling g s by R 3 = πg s N c α ′3/2 while ǫ 4 is the volume form.
The radial coordinate has a minimum U KK related to the period of the τ coordinate by δτ = 4π 3
which is obtained from the singularity avoidance condition. The Kaluza-Klein modes associated with the compact τ coordinate will thus have a natural mass scale
The effective four dimensional Yang-Mills coupling is related to the string coupling by
The D8-brane solution
The D8-brane is localized by imposing a relation between the radial coordinate U and the compact coordinate τ in (2.1). The configuration U = U (τ ) has to minimize the Dirac-Born-Infeld action
where µ 8 = (2π) −8 α ′−9/2 is the D8 brane tension, P[G] AB is the induced metric of the D8 brane, and U ′ = dU/dτ . We are looking for a brane configuration symmetric in τ with a minimum value U * . Then, the appropriate boundary conditions are U ′ (0) = 0 and U (0) = U * . Since the action does not depend explicitly on τ we can easily find U (τ ) as a solution to the energy conservation equation
After imposing the Sakai-Sugimoto condition U * = U KK the D8-brane equation reduces to
which has a box-type solution consisting on two parallel lines τ (u) = ±δτ /4 plus a perpendicular line U = U KK . In the dual gauge theory, the condition U * = U KK can be interpreted as a zero mass condition for the quarks. It is convenient to define the coordinates 9) so that the D8-brane solution is simply y = 0 with the z coordinate running from −∞ to ∞. The D8-brane metric then can be written as [1] 
with
Finally, the probe limit condition N f << N c assures that the D4 background deformation by the D8/D8 branes can be neglected. This condition can be interpreted in the dual theory as a quenching limit, where the quark loops are singled out.
Vector and axial-vector mesons
In the D4-D8 model, mesons of the dual gauge theory emerge as states of open strings connecting the D8-D8 branes. These states correspond to fluctuations of the D8 branes solutions in the D4 background. In particular, vector and axial-vector mesons are described by U (N f ) gauge field fluctuations. The dynamics of these fluctuations is given by the action
where
and g M N is the D8-brane metric given in eq. (2.10). The first term in the action (3.1) arises from the α ′ expansion of the non-abelian Dirac Born Infeld action (see for instance [14] ). The second term is the Chern-Simons action which is not relevant for the present discussion. We will set A α = 0 and assume that the other gauge field components do not depend on the S 4 coordinates. Then, we obtain a five dimensional effective action for gauge field fluctuations
where we introduced the dimensionless variablez = z/U KK and
In order to obtain a four dimensional effective action with external gauge fields we choose the gauge condition Az = 0 and expand A µ in the following way [2] :
where ψ 0 (z) ≡ (2/π) arctanz and
The field Π(x) is interpreted as the pion field, the fields A Lµ (x) and A Rµ (x) represent external gauge fields while the fields v n µ (x) and a n µ (x) are related to vector and axial-vector mesons. Substituting (3.4) in (3.2) and imposing the conditions
where r, s are positive integers, we obtain a 4d effective lagrangian where four dimensional vector and axial-vector mesons emerge as modes of the 5d flavor gauge fields after integrating out thez direction. The condition (3.6) is a usual orthonormality condition for the wave functions while the condition (3.7) consists on an infinite set of equations of motion for the ψ r (z) modes. The 4d effective lagrangian after convenient field redefinitions (and apart from divergent terms) is
where L j represent the interaction terms of order j in the fields. The field redefinitions and constants areṽ
The effective lagrangian (3.8) contains massive vector mesonsṽ n µ ,ã n µ and a massless pion field Π. The constant g v n is the coupling between a vector mesonṽ n µ and an external U (1) field V µ representing the photon. This is the only interaction between photons and mesons in the D4-D8 model. This is how vector meson dominance is realized in this model. The other constant g a n is the coupling between an axial-vector mesonã n µ and an external axial U (1) field A µ . This interaction does not contribute to electromagnetic form factors.
The part of the 4d interaction lagrangian L j that describes the cubic interaction among vector and axial-vector mesons is
where the three-meson coupling constants are given by
In order to obtain the masses M v n , M a n and the coupling constants g v n , g v n v ℓ v m and g v ℓ a m a n we will now calculate numerically the wave functions ψ r (z).
Wave functions and Regge trajectories
Now we solve numerically the equations of motion for the vector and axial-vector modes using the shooting method, as done previously in [1] . First, we analyze the largez behavior of the ψ r (z) functions. From the normalization condition (3.6) and equation of motion (3.7) we conclude that the ψ r functions decrease asymptotically asz −1 whenz → ±∞. Then, it is convenient to defineψ r ≡zψ r . In terms of this function the equation of motion takes the formz ∂z z∂zψ r + A(z)z∂zψ r + B(z)ψ r = 0 ,
The expansions defined in (3.18) are well behaved for largez. They suggest the following ansatz forψ r :ψ 19) with α 0 = 1. Substituting (3.19) in (3.17) leads to the recurrence relations Now we analize the parity of the wave functions. The vector and axial-vector mesons transforms under parity in the following way
Such transformation exchange the gauge field chiral components, A L and A R . In order to guarantee a a five dimensional gauge field invariance under the parity transformation (t, x,z) → (t, −x, −z) we impose the conditions
If the ψ 2n (z) and ψ 2n−1 (z) wave functions are regular at the originz = 0 eq. (3.22) leads to the conditions ∂zψ 2n (0) = 0 , ψ 2n−1 (0) = 0 . (3.23)
Using these conditions atz = 0 and the largez behavior given by eq. (3.
So, one expects an oscillatory behavior in this region. For large z we observe the expected z −1 behavior. The eigenvalues λ r give us the vector and axial-vector quadratic masses M 2 r = λ r M 2 KK , according to equation (3.11) . Notice that even values of r correspond to axial-vector mesons and odd values of r to vector mesons. In Figure 2 we show the dependence of λ r on the radial number r = 1, 2, 3, ..., 60 . From the plots in this figure we conclude that vector and axial-vector mesons have the same radial Regge trajectory.
In the right panel of Figure 2 we plot a logarithmic graph and present two linear fits for different ranges of r. For r = 1, ..., 5 the best linar fit is given by −0.46 + 1.42 log r, so that in this region λ r ∼ r 1.42 . For the region r = {6, 60} the best fit is −1.28 + 1.91 log r corresponding to λ r ∼ r 1.91 . Fitting the data for larger values of r, we conclude that the Regge trajectory for vector and axial-vector mesons in the D4-D8 model approaches an asymptotic quadratic behaviour λ r ∼ r 2 . Such behaviour is similar to the ones found in hard-wall model [15] [16] [17] [18] [19] and the D3-D7 brane model [20, 21] .
Coupling and decay constants
In order to calculate the elastic form factors for the lowest energy vector and axial-vector meson states, we must compute the vector meson decay constants g v n and the coupling constants between the intermediate vector meson and the external vector mesons g v n v ℓ v m and axial-vector mesons g v n a ℓ a m . We calculated these coupling constants using eqs. (3.12), (3.15), (3.16) and our numerical results for the normalized wave functions ψ 2n and ψ 2n−1 and the corresponding eigenvalues, for n = 1, 2, ..., 30.
We show some numerical results for vector mesons in Table 1 and for axial-vector mesons in Table 2 . Note that the decay constants are positive, increase monotonically with n and their ratio with the squared masses g v n /M 2 v n is approximately equal to 3.14 √ κ.
On the other hand, the vector meson couplings g v n v ℓ v m and g v n a ℓ a m do not present a simple dependence with n but oscillate (irregularly) with it. Nonetheless, these coupling constants obey sum rules that are crucial for the hadronic form factors, as we will discuss in the following section. 
Form Factors
The eletromagnetic form factor represents the interaction of a particle with an external photon. Here we will calculate these form factors for vector and axial-vector mesons. As shown in [2] , photon-meson-meson couplings are all cancelled in the D4-D8 model. This means that the photon interacts with a meson only through intermediate vector mesons. This is a realization of vector meson dominance (VMD) in electromagnetic scattering in this model. In order to calculate the form factors we first obtain a general expression valid for the elastic and non-elastic cases. Then, for the elastic case, we calculate the electric, magnetic, quadrupole form factors as well as the longitudinal, transverse and longitudinal-transverse form factors. Also, for the first vector and axial-vector excitations, ρ(770) and a 1 (1260), we calculate the eletric radius and the magnetic and quadrupole moments. We end this section with a brief discussion of the so called transition (non-elastic) form factors.
The form factors are calculated from the matrix elements of the eletromagnetic current. The interaction of a vector meson with an off-shell photon is described by the matrix element
where v m and v ℓ are the initial and final vector meson states with momenta p and p ′ = p+q and polarizations ǫ and ǫ ′ . The operatorJ µ is the Fourier transform of the electromagnetic current J µ (x). This matrix element is calculated from the corresponding Feynman diagram shown in Figure 3 . From the effective lagrangian (3.8), together with the interaction terms (3.14), we find
where f abc is the structure constant of U (N f ) and M v n is the mass of the vector meson v n . Using the sum rule
where the generalized vector meson form factor is defined by
Taking into account the transversality of the vector meson polarizations:
Note that the term involving the factor δ mℓ in eq. 
Elastic case
The elastic form factor for vector mesons can be obtained considering the previous calculation with the same vector meson v m in the initial and final states. Then, from eq. (4.6) we find
where F v m (q 2 ) is the elastic form factor:
Note that eqs. (4.8) and (4.9) are also valid for the axial-vector mesons, replacing v m by a m . We calculated numerically these sums from n = 1 to n = 30 using the results obtained for the masses and couplings. We adopted M KK = 0.946 GeV, as in ref. [1] . We plot in Figure 4 the elastic form factors for the vector meson ρ(770) (v 1 ) and axial-vector meson a 1 (1260) (a 1 ). Note that when q 2 → 0, the vector and axial-vector form factors go to one, thanks to the sum rule (4.3). Let us now investigate the large q 2 behaviour of the elastic factors. Performing an expansion in powers of q −2 : 10) we see that the dominant terms would be of order q −2 . We calculated the coefficients of these terms using our numerical results with n = 1, ..., 30. We found
These results indicate that the following superconvergence relations hold in the D4-D8 model:
so, from eqs. (4.10) we expect that the form factors decrease approximately as q −4 , for large q 2 . In order to investigate this behaviour, we plot in Figure 5 the form factors for the first vector and axial-vector states multiplied by q 4 . We also plotted the elastic form factors for the first three excited states multiplied by q 4 in Figure 6 . We conclude that the form factors approximately decrease as q −4 , for large q 2 , within the numerical errors. The deviation from the q −4 dependence is associated with the nonvanishing of the numerical sums (4.11).
Electric, magnetic and quadrupole form factors
The matrix element of the electromagnetic current for a spin one particle in the elastic case can be decomposed as [8] p, ǫ|J
From F 1 , F 2 and F 3 we can define
where F E , F M and F Q are the electric, magnetic, and quadrupole form factors. From eqs. (4.8) and (4.13) we find that for a vector meson v m 15) where F v m is given by eq. (4.9). Hence the electric, magnetic and quadrupole form factors predicted by the D4-D8 brane model for vector mesons are
The same results hold for the axial-vector mesons a m . From these form factors we can estimate three important physical quantities associated with the vector mesons: the electric radius, the magnetic and quadrupole moments.
The electric radius for the vector and axial-vector mesons are given by
Using our numerical results for the form factors for the lowest excited states ρ and a 1 , we find the electric radii:
The magnetic and quadrupole moments are defined by
Using the fact that F v m and F a m go to one when q 2 → 0, we obtain
Our results for electric radius, magnetic and quadrupole moments for the vector meson ρ are in agreement with the hard wall model results found in [8] .
Decomposition in terms of transverse and longitudinal polarizations
It is interesting to calculate also the form factors of vector mesons with specific polarizations [22] . A vector particle with mass M and four momentum (E, 0, 0, p z ) has three independent polarizations that can be written as
When studying the elastic scattering of a photon and a vector meson in the Breit frame, the initial and final four momenta of the vector meson take, respectively, the forms p = (E, 0, 0, −q/2) , and p ′ = (E, 0, 0, q/2) . In this frame we define the form factors
From eq. (4.8) we find
(4.23)
The large q 2 behavior of these form factors in the D4-D8 model is determined from F v m , eq. (4.9). We obtain the asymptotic behaviors:
in agreement with QCD calculations (see for instance [22] ).
Non-elastic case
When the initial and final meson states are different, the interaction with the photon is described by the generalized form factors of eqs. (4.5), (4.7), when m = ℓ, also known as transition form factors. We calculated these form factors for an initial vector meson in the lowest state v 1 and final states v 2 , v 3 , v 4 . We also calculated the transitions form factors for the initial axial-vector meson a 1 and final a 2 , a 3 , a 4 .
We illustrate in Figure 7 the dependence of these form factors with the momentum transfer q 2 , compared with the corresponding elastic form factors. We see that the transition form factors vanish as q 2 → 0, in contrast to the elastic form factors that approach the unit in this limit. Note that as q 2 increases from zero, first F v 1 dominates, then F v 1 v 2 dominates, then F v 1 v 3 , and so on. The same situation occurs for the axial-vector case. Physically, this corresponds to the fact that as the momentum transfer increases, the amplitude for producing heavier final states increases as well. Regarding the large q 2 dependence of these non-elastic form factors, we can make an expansion similar to eq. we should find a q −4 behavior as we found in the elastic case. We calculated these sums from n = 1, ..., 30, for the relevant states, finding: These results indicate the validity of relations (4.24). In order to check the large q 2 behavior, we plot in Figure 8 the transition form factors multiplied by q 4 , and the corresponding elastic form factors for comparison. We conclude that the transition form factors approach asymptotically the expected q −4 dependence.
Conclusion
In this work we investigated the electromagnetic scattering of vector and axial-vector mesons in the D4-D8 model. We calculated the elastic and transition meson form factors and found the expected behaviour at small and large momentum transfer q 2 . In the elastic case, we calculated the magnetic and quadrupole moments and, for the mesons ρ and a 1 , the electric radii. We also analized the momentum dependence of F T T , F LT and F LL at large q 2 finding a QCD like asymptotic behaviour.
Our analysis of the form factor momentum dependence led us to non-trivial sum rules for the vector and axial-vector coupling constants. These sum rules generalize the superconvenge rule previously obtained within the hard wall model for the elastic case [8] .
Although the D4-D8 brane model was originally proposed to describe the low energy regime of QCD, our results suggest that vector meson form factors at intermediate and high energies show a q 2 dependence consistent with QCD expectations. It would be interesting to investigate if other aspects of hadronic scattering at high energy could be described by this holographic model.
